We report first experimental registration of the splitting induced generation of a soliton train from a single incident strain soliton in two-and three-layered elastic waveguides. The origin is in the nonlinear response of the wave to an abrupt change of physical properties of the waveguide.
I. INTRODUCTION
Nonlinearity has been crucial to understanding a wide range of experimentally observed effects in physics, for example, the dynamics of light pulses in optical waveguides [1] , dispersive shocks in classical and quantum fluids [2] , dynamic fracture [3] and density waves in materials [4] , to mention only a few recent results. Dynamic behaviour of real materials, including polymers, ceramics, metals and rocks, is characterized by highly nonlinear stressstrain relationships (e.g., [5] and references therein). Localized nonlinear bulk strain waves (strain solitons) in hyperelastic waveguides were experimentally studied in [6] [7] [8] . Note that as it is customary in physics, we do not distinguish between the terms soliton and solitary wave. Generated by a weak shock wave under the conditions of a balance between nonlinearity of the medium and waveguide dispersion, the strain soliton can propagate for long distances. Anomalously weak decay of the bulk strain solitons in some polymeric waveguides (e.g., in polymethylmethacrylate (PMMA) and polystyrene waveguides) was recently registered in [8] . Slow decay makes these waves an attractive candidate for the introscopy of lengthy waveguides. We also note that certain localized nonlinear waves were recently registered in the α-uranium crystalline lattice [9, 10] .
The nonlinear effects caused by splitting (for example, due to poor adhesion, crack or delamination) of layered elastic waveguides are of fundamental interest, and are important for different applications, most notably, in aerospace industry and microelectronics. Recently we proposed a theory predicting that splitting of a waveguide can lead to the fission of an incident bulk solitary wave (i.e., generation of a train of secondary solitons from a single incident soliton [11] ) in layered elastic bars [12] . In this paper we report first experimental evidence of bulk strain soliton fission in split lengthy nonlinearly elastic waveguides, and explain the results from the viewpoint of our recently published theory [12] .
II. EXPERIMENTAL ARRANGEMENT
Experimental set-up shown in Fig.1 (see [6, 16] for the detailed description) was used to record wave patterns inside and outside optically transparent waveguides by means of holographic interferometry. A system of straight equidistant carrier fringes is formed by an insertion of a wedge into the path of the object beam between two interferogram exposures.
Density variations induced by the strain wave cause shifts of these carrier fringes on the resulting interferograms. Both generation and recording of the bulk compression waves were performed using Q-switched pulsed ruby lasers (20 ns, 0.5 J). Laser pulses were synchronized by means of the delayed pulse generator allowing us to vary the time interval between two pulses in a wide range and providing the accuracy of about 1 µs. A soliton was generated from an initial shock wave produced in water via the laser ablation of an aluminium coated foil placed nearby the waveguide input. The laser pulse power density was controlled by the energy meter and kept close to constant (2.3 × 10 8 W/cm 2 )
during the experiments in order to ensure the repeatability of soliton parameters and to avoid inelastic strains in the specimen material.
The phenomena of thermooptical generation of shock waves were thoroughly studied (e.g. [13, 14] ). Shock waves generated in our experiments have been studied in detail in [15] . It was shown that the shock wave induced in water by the laser ablation of the immersed metallic coated foil target exhibits a very narrow (about 0.1 − 0.2 µm) compression pulse followed by a relatively long (1 mm) rarefaction area of a small amplitude. Having entered the waveguide, the initial shock transforms, and the process of soliton generation starts (reported, for example, in [7] and shown schematically in Fig.2 ). The soliton forms at the distance of about 50 mm from the waveguide input and then propagates along the uniform waveguide undergoing very minor changes in shape and amplitude, see [8] . 
III. GENERATION OF SOLITON TRAINS
Two-and three-layered lengthy (450 mm) PMMA bars of square cross section area 10 × 10 mm 2 were used in experiments. Layers were bonded by the ethyl cyanoacrylate-based (CA) adhesive in the 120 mm long area to the right from the bar input, followed by the 150 mm long splitting of the waveguide, and further bonding. For this type of bonding, losses of energy due to dissipation in and reflection from the adhesive layer are very small, as shown in [19] . Dissipation in the bulk material (PMMA) was studied experimentally in [8] , having shown anomalously weak decay of the strain soliton in the PMMA waveguide.
Wave patterns were recorded in the two adjacent areas of the waveguide: at the distances 70-120 mm (bonded area) and 120-170 mm (split area) from the input, as shown in Fig.3 .
Diameter of the area recorded in the interferogram is equal to 50 mm. The absolute value of the amplitude A of the compression strain soliton was calculated using the formula [16] :
where ∆K is the maximum fringe shift measured in the interferogram, λ 0 is the wavelength of the recording light, h is the bar thickness along the path of the recording light, n 1 is the refractive index of the waveguide material. For the PMMA bars used in our experiments
, and further we consider measurements in terms of the fringe shift We note that the incident soliton in the layered bar bonded by the CA adhesive (shown in Fig.4 and Fig.5a,b) is very similar to the soliton recorded in the uniform bar of the same square cross section area (see [16] ). Indeed, we reported in [16, 19] that a thin bonding CA layer does not introduce any noticeable inhomogeneity for the long bulk wave and may be treated in theoretical models as a perfect interface. 
IV. THEORETICAL ESTIMATES
Experimental observations reported above can be explained using our theory for the symmetric n-layered elastic bars [12] , developed for the case when layers are perfectly bonded for x < 0 and completely split for x > 0 (the origin is taken at the left end of the split area).
The theory assumes the symmetry of the structure (layers are identical, while material to the left of x = 0 can be different from the material to the right), and is based on the following problem formulation: we need to find functions u − (x, t) for x < 0 and u + (x, t) for x > 0, satisfying the equations
in their respective domains of validity, subject to continuity of longitudinal displacement,
Here parameters of the waveguide to the left (a thick bar of cross section 2a × 2b) and to the right (a thin bar of cross section 2a × 2b/n, where n is the number of layers) of x = 0 are denoted by the indices − / + , respectively. Equation (1) is the so-called Doubly Dispersive Equation (DDE) [17] , [12] , describing the propagation of long nonlinear longitudinal bulk waves in isotropic elastic waveguides. Omitting the superscripts, we introduced the polar moment of inertia of rectangular cross section S : J = S (y 2 + z 2 )dS, the dispersion factor δ ≡ ν 2 J/S, the linear longitudinal and shear wave velocities c = E/ρ and c 1 = c/ 2(1 + ν), respectively (E is Young's modulus, ρ is density, ν is Poisson's ratio), and the nonlinearity coefficient
2 , where (l, m, n) are the Murnaghan moduli. We also introduced the dimensionless parameters c
, generally depending on material properties and geometry of the layered bar. Weakly nonlinear solution to this problem was constructed in [12] with the same accuracy as in the problem formulation above, using matched asymptotic multiple scales expansions, integrability theory of the leading order Korteweg -de Vries (KdV) equations by the inverse scattering transform (see, for example, [20] ), and some natural radiation conditions.
We note that the DDE (1) describes both right-propagating and left-propagating waves, which allows one to formulate and solve a proper scattering problem for long weakly nonlinear strain waves in a split layered waveguide. In this formulation, three unidirectional KdV equations are accurately derived (accounting for both dispersive terms in (1)) as leading order approximations for the incident, transmitted and reflected waves, while the solution also contains higher-order corrections. In particular, the solution of the scattering problem within the framework of the DDE allows one to answer a question about the reflection from the split area: for the case c = 1 the reflected wave is found in the leading order, while for the more subtle case c = 1 a small reflected wave is explicitly found in higher-order corrections.
Thus, from the solution of our scattering problem we know that for the waveguides made of one and the same material, as used in our experiments, the reflection from the split area is very small (see [12] ). Therefore, our experimental study was concerned with the leading order transmitted wave field in the split area, which depends on the sign of the ratio β + /β − . If it is negative, then the transmitted wave field does not contain any solitary waves, and the incident pulse degenerates into a dispersive wave train. If, however, the ratio is positive, as in our experiments, the weakly nonlinear solution predicts that a train of N secondary solitons, accompanied by the dispersive radiation can be formed in the split area from a single incident solitary wave. Here, N is the largest integer, satisfying the inequality N < √ 1 +α 2 + 1 /2, wherẽ
In dimensional form the incident (strain) solitary wave is given in terms of the strain amplitude by
where
The leading order transmitted strain wave field is given by
The main experimentally measurable parameters of secondary solitary waves depend on the
., N and on physical parameters
The PMMA specimens under study had the following geometric parameters: a = b = 5 mm, J − /S − = 1.67 × 10 −5 m 2 , and n = 2 or 3. From (2) and (3), we notice that for our experimental arrangement the ratios of the amplitudes and widths of the transmitted solitons to that of the incident soliton do not depend on the elastic moduli, and are entirely defined by the geometry of a specimen. Therefore, in the following we derive theoretical estimates for the ratios C A i and C W i of the amplitudes and widths of the transmitted solitons for n = 2 and 3, and compare these predictions with our experimental results, summarized in Table   1 .
From (2) and (3) Table 1 ).
The theoretical predictions for the amplitudes of the generated second solitons are C A 2 ≈ 0.08 (8% of the lead soliton amplitude) for the two-layered waveguide and C A 2 ≈ 0.12 (12%) for the three-layered waveguide, indicating that the fission of the incident soliton into two should be more noticeable in the three-layered waveguide. This also agrees, at least, qualitatively, with our observations (compare soliton trains in Fig.5 and Fig.6 ). The quantitative agreement is worse than that for the lead transmitted soliton: the amplitude of the second soliton exceeds the predicted value (see Table 1 ), with the observed increase being in the range of 10 − 20%. However, this discrepancy can be partially attributed to the possible incomplete radiation of the dispersive tail at the time of the wave record in the split area. Indeed, strictly speaking, formula (3) represents the asymptotics of the leading order transmitted wave field as x → ∞.
The leading order weakly nonlinear solution (2), (3) also yields a formula for the ratios C The observed ratios for the second soliton are considerably (two or three times) understate.
Since width measurements for the second soliton are restricted due to the smallness of its amplitude, our estimates were made using the rough observation data for the total observable width, see Table 1 . We also attribute this discrepancy to the incomplete radiation of the dispersive tail (note that the observed amplitude of the second soliton is about twice higher than predicted).
V. SUMMARY AND DISCUSSION
In summary, we experimentally registered the generation of two secondary solitary waves (the soliton train) from a single incident bulk strain soliton entering the split areas of twoand three-layered PMMA bars, with the CA bonding before and after the split areas. Experimental observations are in excellent qualitative and reasonable quantitative agreement with the leading order theoretical estimates, based on a weakly nonlinear solution [12] for the Boussinesq type equation with piecewise constant coefficients for the waveguide made of a piecewise isotropic hyperelastic (Murnaghan) material.
The observed phenomenon of soliton fission in split layered solid waveguides and the estimates of parameters of transmitted solitons may be useful for the introscopy of multilayered structures, and complementary to the existing ultrasonic techniques (e.g., [22, 23] ). Indeed, as we already mentioned, these waves decay rather slowly (see [8, 19] ). It seems reasonable to apply the observed effect for the initial detection of damage in a lengthy waveguide with the subsequent use of ultrasonic methods. However, practical applications require further studies.
Although our experiments were performed for macroscopic two-and three-layered bars, we expect similar effects of fission to take place at microscales and, possibly, even nanoscales, due to the recently shown similarity between long wave models for the lattice waveguide and the macroscopic waveguide [21] .
